SMOOTHNESS OF HEAT KERNEL MEASURES ON 
INFINITE-DIMENSIONAL HEISENBERG-LIKE GROUPS 



DANIEL DOBBS AND TAI MELCHER* 



Abstract. We study measures associated to Brownian motions on infinite- 
dimensional Heisenbcrg-like groups. In particular, we prove that the associated 
path space measure and heat kernel measure satisfy a strong definition of 
smoothness. 
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1. Introduction 

Recall that a measure ^ on R" is smooth if ^ is absolutely continuous with 
respect to Lebesgue measure and the associated density is a smooth function on 

. If one wishes to generalize this notion of smoothness of measure to an infinite- 
dimensional space, one immediately encounters complications due to the lack of 
an infinite-dimensional Lebesgue measure. Thus, we consider the following more 
intrinsic definition of smoothness for a measure on M": for any multi- index a = 
(ai, . . . , a„) e {0, 1,2,.. .}", there exists a function S C°°(]R") n such 
that 

/ d°'fd^i= [ fz^dfi, for all / G C,°°(R"), 

JR" JR" 

where L°°^ := r)p>iLP and 9" = OiLi^i"'- 1^ turns out that this definition 
of smoothness is in fact equivalent to our first understanding, and it is obviously 
better suited to adapt to infinite dimensions and the absence of a canonical reference 
measure. 

In the present paper we adapt the above definition to give a direct proof of the 
smoothness of elliptic heat kernel measures on infinite-dimensional Heisenberg-like 
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groups. In particular, let G be an infinite-dimensional Heisenberg-like group, gcM 
be its Cameron-Martin Lie subalgebra, and {S,t}t>o be a Brownian motion on G 
(see Sections 12.21 and |2 .31 for definitions). Then we have the following theorem. 

Theorem 1.1. Fix T > 0, and let m £ N and hi, . . . , hm S Qcm- Then there exist 
z,z ^ L°°~ depending on hi, ... , hm such that, for any suitably nice function f on 
G, 

\hi ■ ■ ■ hrafKCr)] = E[/(er)5] and E [{hi ■ ■ ■ hmfmr)] = nfi^T)z], 

where h and h are the left and right invariant vector fields, respectively, associated 
to h £ Qcm . 

This result is proved by first establishing smoothness results for the induced 
measure on the associated path space. In particular, let WxiG) denote continuous 
path space on G and 'Ht(£Icm) denote the space of absolutely continuous paths 
on Qcm with finite energy (see Notation 13.11 for definitions) . Then we prove the 
following theorem. 

Theorem 1.2. Let m G N and hi,...,hm S T-Lt{qcm)- Then there exists Z S 
L°°^ depending on hi,...,h„i such that, for any suitably nice function F on 
yVriG), 



E 



(hi...h,„F)(0 =nF{i)Z], 



where h is the right invariant vector field associated io h G 'Ht{Qcm)- 

Theorem 11.21 is stated more precisely and proved in Theorem 13.141 Theorem 11.11 
is the content of Theorem 14.41 and Corollary 14.61 Note that these theorems give a 
strong satisfaction of smoothness for measures in infinite dimensions. Typically, it 
is not possible to verify that a measure on an infinite-dimensional space is smooth 
in this way and much weaker interpretations must be made; see for example [3l [7j 

The organization of the paper is as follows. In Section [^TTl we recall the requisite 
results for abstract Wiener spaces and take this opportunity to review the canonical 
example of a smooth measure in infinite dimensions. Sections 12.21 and 12.31 give the 
constructions of infinite-dimensional Heisenberg-like groups and Brownian motions 
on these groups, first studied in [5]. In Section [31 we recall the quasi- invariance and 
first-order integration by parts results proved in |5] for the path space measure, 
and, building on these results, give the integration by parts formulae that prove 
Theorem 1 1.2 1 In Section |4l we show how these path space results immediately give 
integration by parts formulae for heat kernel measures on the group. 

Finally, let us here mention some references to other quasi-invariance and in- 
tegration by parts results for measures in infinite-dimensional curved settings; see 
[3 H H El [ini E] and their references. 

2. Infinite-dimensional Heisenberg-like groups 

2.1. Abstract Wiener spaces. In this section, we recall the construction of ab- 
stract Wiener spaces. For proofs of these results, see for example Section 2 of [8]. 
We conclude the section with the canonical Wiener space example. One may see 
[H I12j for more on abstract Wiener spaces as well as some more examples. 
Suppose that W is a. real separable Banach space with Borel tr-algebra Bw ■ 



SMOOTHNESS OF HEAT KERNEL MEASURES ON INFINITE HEISENBERG GROUPS 3 



Definition 2.1. A measure fi on {W,Bw) is called a (mean zero, non-degenerate) 
Gaussian measure provided that its characteristic functional is given by 

fi{u):= ( e™("')dAi(u)) = e"^?!"."), for all u e W* , 
Jw 

for some q ~ q^^ : W* x W* — > M a symmetric, positive definite quadratic form. 
That is, q is a real inner product on W* . 

Recall that Fernique's theorem implies that there exists (5o such that for all 5 < 5q 
(2.1) / e^ll"'ll«- dn{w) < oo; 



iw 

see for example Theorem 2.8.5 of [5] or Theorem 3.1 of [12]. Among other things, 
this implies that, for any p G [1, oo) 

(2.2) Cp-.^ I \\wf^dii{w) 

Jw 

Theorem 2.2. Let n he a Gaussian measure on a real separable Banach space W , 
and, for w g W , let 

II II \u{w)\ 
\\w\\h := sup . ^ ■ 
u^W'\{o} y'q{u,u) 

Define the Cameron-Martin subspace H C W by 

H := {heW -.WHWh < oo}. 

Then 

(1) H is a dense subspace of W . 

(2) There exists a unique inner product (•, on H such that — {h, h) u 
for all h € H , and H is a separable Hilbert space with respect to this inner 
product. 

(3) For any h G H, \\h\\w < •\/C2^||/i||h; where C'2 is as in (|2.2p . 

A triple {W, H, fi) where is a separable Banach space with Gaussian measure 
fj, and H is as defined in Theorem 12.21 will be called an abstract Wiener space. The 
Hilbert space H is called the Cameron-Martin space. 

Now let i : H W he the inclusion map, and let i* : W* — > H* denote its 
transpose, that is, i*£ ^ £0 i for all £ e W*. Also, let 

H., := {heH : {■,h)H e Range(r) C H*}. 

That is, for h Cz H , h Cz if and only if (•, h)H G H* extends to a continuous linear 
functional on W, which we will continue to denote by {■,h)H- Because if is a dense 
subspace of W, i* is injective. Because i is injectivc, i* has a dense range. Since 
H 3 h 1-^ {■,h)H € H* is a linear isometric isomorphism, it follows that the map 
H^, 3 ft, n- {■,h)H G W* is also a linear isomorphism and if* is a dense subspace 
of H. In fact, for h G ii*, ||(-, ft)_fi'||L2(;^^^) = \\h\\H and so there exists a unique 
continuous linear extension I : H ^ L^{W, fi) which is an isometry into Lp'{W, fi). 
At this point, we may also recall the Cameron-Martin theorem. For any h E H, 

f{w + h)dfi{w)= [ f{w)dfi{w-h)=: I f{w)d^L^[w) 
w Jw Jw 



w 



f{w)o^v[l{h){w)~]^\\h\\l] d^i{w); 
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see for example Theorem 1.2 of Chapter II of ^Ijj. Moreover, for any /i G W \ H, 
yJ" _L /i. 

It will also be useful later to recall that associated to any abstract Wiener space 
is a class of canonical projections. Suppose that P : H H is a finite rank 
orthogonal projection such that PH C -ff, . Let {ej}"^j^ be an orthonormal basis 
for PH. Then we may extend P to a (unique) continuous operator from W ^ H 
(still denoted by P) by letting 

n 

(2.3) Pw:=Y.^w,e,)Hej 
for -aWw eW. 

Notation 2.3. Let Proj(VF) denote the collection of finite rank projections on W 
such that PW C i?* and P\h : H ^ H is an orthogonal projection (that is, P has 
the form given in equation (|2.3|) ). 

We complete this section by including the canonical example of Wiener measure 
on path space. 

Example 2.4 (Canonical Wiener space). When W = M^(R") is the space of con- 
tinuous paths w : [0, 1] — > M" with w{0) = 0, H = J?(M") is the Cameron- Martin 
subspace of finite- energy paths, and fi is Wiener measure, the Cameron- Martin 
formula for h G -ff (R") is 

^{w) - exp (^l\h{s),dw{s)) - i \h{s)\' ds 



cxp (^{h,w) - . 



In the following way, this yields integration by parts formulae. Let {ei\°°^i be an 
orthonormal basis of H(R"), and let di denote the derivative in the direction e^. 
Also, for any multi-index a = {ai,a2, . . .) G {0, 1,2, . . .}^ with \a\ = '^i < 

feia" = n^iC- Then 



{d^f){w)dy{w)= f{w)H^{w)d^i{w) 
where 

OQ 

H^{w) =\{H^^{{e,,w)) 

i=l 

and Hk are the usual Hermite polynomials. 

More generally, if we consider {/it}t>o the heat kernel sequence on W based at 
0, then for any t > 

'^^'-{w) = cxp (\{h,w) - ^MW,^ 



dut \t 2t 



and 



where 



{d"f)iw)dfitiw)^ / f{w)H^iw;t)dtitiw) 



H^{w;t) = Y[t\"\H^^{{e,,w);t) 
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with 

7?,(z;t) = (-l)VV2* 

The collection {iJ^^j^Q forms an orthogonal basis of the space of functions on M 
which are square-integrable with respect to the centered normal distribution with 
variance t. 

2.2. Infinite-dimensional Heisenberg-like groups. We revisit the definition 
of the infinite-dimensional Heisenberg-like groups that were first considered in [8]. 
First we fix the following notation for the sequel. 

Notation 2.5. Let {W,H,fi) be a real abstract Wiener space as in Section \2.1l 
Let C be a real vector space with inner product (•, •)c and dim(C) =: N < oo. Let 
Lu : W X W ^ C be a continuous skew- symmetric bilinear form on W . 

Definition 2.6. Let g denote W x C when thought of as a Lie algebra with the Lie 
bracket given by 

(2.4) [(Xi,yi),(X2,V^2)] (0,u;(Xi,X2)). 

Via the Baker-Campbell-Hausdorff-Dynkin formula and the nilpotence of the given 
bracket, we may equip W x C with the group multiplication given by 

51.92 := 9i +92 + ^[91,92]- 
For gi = [wi,Ci), this may be written equivalently as 

(2.5) (wi,Ci) • (u;2,C2) = ^Wl + W2,Cl + C2 + ^Uj{wi,W2)^ ■ 

We will denote W x C by G when thought of as a group, and we will call G con- 
structed in this way a Heisenberg-like group. 

It is easy to verify that, given this bracket and multiplication, g is indeed a Lie 
algebra and G is a group with g^^ = — g and identity e = (0,0). 

Notation 2.7. Let Qcm denote H x C when thought of as a Lie subalgebra of q, 
and we will refer to QcM o,s the Cameron-Martin subalgebra of q. Similarly, let 
GcM denote H x C when thought of as a subgroup of G, and we will refer to Gcm 
as the Cameron-Martin subgroup ofG. 

The space g = G = VFxCisa Banach space with the norm 

\\{w,c)\\g := \\w\\w + ||c||c, 

and QcM ~ Gcm = H x C is a Hilbert space with respect to the inner product 

{{A, a), {B, b)),^„ := {A, B)h + {a, b)c. 

The associated Hilbertian norm on qcm is given by 

|!(A,a)||,,„ := ^WAWl + WaWl. 

One may easily see that G and Gcm are topological groups with respect to the 
topologies induced by the norms, see for example Lemma 3.3 of [8]. 

Before proceeding, let us give the basic motivating examples for the construction 
of these infinite-dimensional Heisenberg-like groups. In what follows, if X is a com- 
plex vector space, let denote X thought of as a real vector space. If {H, (•, ■)h) 
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Rc(-, ■)h, in which case {Huc 



)Hho) 



2n 



is a complex Hilbert space, let 
becomes a real Hilbert space. 

Example 2.8 (Finite-dimensional Heisenberg group). LetW = iJ = (IR")ro 
and ^ be standard Gaussian measure on M^". Then (W, H, ^) is an abstract Wiener 
space. Let C = R and uj{'w, z) := Im(u', z) , where {w, z) = w ■ z is the usual inner 
product on R". Then G ~ R^" x R equipped with a group operation as defined in 
h2. 5\] is a finite- dimensional Heisenberg group. 

Example 2.9 (Heisenberg group of a symplectic vector space). Let {K, (•, •)) be 

a complex Hilbert space and Q be a strictly positive trace class operator on K . 
For h,k € K, let {h,k)Q := {h,Qk) and ||/i||q := ^ (h, h)Q, and let {Kq,{-,-)q) 
denote the Hilbert space completion of (K, || • || g) . Then W — {Kq)^^^ and H = K^io 
determines an abstract Wiener space (see, for example, exercise 17 on p. 59 of [T^ j. 
Letting C = R and 

uj{w,z) := lm{w,z)Q, 
then G ~ {Kq)^c x R equipped with a group operation as defined in i2. 5\) is an 
infinite- dimensional Heisenberg-like group. 

2.3. Brownian motion on G. We define Brownian motion on G and collect var- 
ious of its properties. The primary references for this section are Sections 4 of [5] 
and [H]. Any statements made here without proof are proved in these references. 
Let {Bt, Bf}t>o be a Brownian motion on g with variance determined by 

E [((i?., i?°), {A, a)),^,, {{BuB^), {C, c)),,,,] = {{A, a), {C, c))g^„ min(s, t), 

for all s,t > 0, A,C ^ H^,, and a, c G C. The following is Proposition 4.1 of [5]. 

Proposition 2.10. For P £ Proj(M^) as in Notation 
continuous L^ -martingale on C defined by 

ft 



let {Mf}t>o denote the 



Mf = / Lu{PBs,dPB,). 
Jo 



In particular, if {Pn\^=i C Proj(VK) is an increasing sequence of projections and 
M" := M( then there exists an L^ -martingale {Mt\t>o in C such that, for all 
p S [1, oo) and T > 0, 



lim I 



sup 

,0<t<T 



0, 



and {Mt}t>o is independent of the sequence of projections. Also, for all p G [l,oo) 
and T > 0, {Mt}t>o satisfies 



(2.6) 



E 



sup \\Mtfc 

0<t<T 



< OO. 



As {Mt} is independent of the defining sequence of projections, we will denote 
the limiting process by 



Mt^ f Lo{B„dBs). 
Jo 



Remark 2.11. In fact. Driver and Gordina prove in [5j the following bound which 
is much stronger than the one given in (|2.6p ; for any T > 0, there exists Aq > 
such that for all A < Aq 

E [e^ll^^rllc] < oo. 
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The continuous G-valued process given by 



Definition 2.12. 

(2.7) 6 = 



is a Brownian motion on G. For T > 0, let vt 
measure at time T on G. 



uj{Bs,dB,) 



Law(^7^) denote the heat kernel 



We include the following proposition (see [9l Proposition 4.6]) which states that, 
as the name suggests, the Cameron-Martin subgroup is a subspace of heat kernel 
measure 0. 

Proposition 2.13. For all T > 0, vt{Gcm) = 0. 

Notation 2.14. For g € G, let £g,rg : G ^ G denote left and right multiplication 
by g, respectively. As G is a vector space, to each g € G we can associate the 
tangent space TgG to G at g, which is naturally isomorphic to G. 

Let f : G ^ R be a Frechet smooth function on G. For g & G and /i, fc G g, let 

fig + eh) and f" {g){h® k) -.^ dhduf {g). 





f{9)h 
Also, let 



dhfig) 



de 



h{g) := Igji 



d_ 

de 



9 ■ 



where a is any smooth curve in G such that a(fS) ~ e and (t{0) ~ h (for example, 
<T{e) = eh). So h is the unique left invariant vector field on G such that h(e) = h, 
and we view h as a first order differential operator acting on smooth functions by 

d 



Similarly, we define 



(hfM 



Kg) 



de 



fig ■ ^(e))- 



d 

de 



aie) 



to be the unique right invariant vector field associated to h. 

It is proved in Proposition 3.7 of [8] that the Lie algebra structure on g induced 
by the left invariant vector fields on G is the same as the Lie algebra structure 
defined in equation (|2.4p . 

Definition 2.15. A function f : G ^ R is a (smooth) cylinder function if it may 
be written as f ~ F o ttp, for some P £ Proj(VF) and (smooth) F : PH x C — M. 

The following proposition is proved in Proposition 3.29 and Theorem 4.4 of [8]. 

Proposition 2.16. Let {ej}J^^ and {vi}fLi be orthonormal bases for H and C, 
respectively. Then, for any smooth cylinder function f : G ^ R, 



Lfix) 



OO 

E 



(e,,0) / 



(x) 



N 

E 

£=1 



iO,ve) f 



ix) 



is well-defined, that is, the above sum is convergent and independent of basis. We 
will call L the Laplacian, and ^L is the generator for {£,t}t>Q, so that, for any 
smooth cylinder function / : G — > M, 



/(6) 



LfiCs)ds 
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is a local martingale. 

Definition 2.17. Given a normed space X and a function _F : X — > M, we say F 
is polynomially bounded if there exist constants K, M < oo such that 

\Fix)\<K{l + Mxf 

for all X € X . 

The following proposition is Corollary 4.5 of [5]. 

Corollary 2.18. Let f = F o ttp he a cylinder function on G such that F G 
C^{PH X C) and F,F' ,F" are polynomially hounded. Then 

i-T 



That is, 



^[/(Ct)] - /(e) + i / E[(A/)(6)]dt. 



Mf)--^ I fduT = f{e) + \ f vt{Lf)dt 



is a weak solution to the heat equation 

dtut = \Lvt, with \imvt = (5e. 

The following proposition is proved in Corollary 4.9 of 0. 

Proposition 2.19. For any T > Q, the heat kernel measure vt is invariant under 
the inversion map g i— > g~^ ; that is, 

nfi^T)]^ I f{g)dvT{g)^ I f{g-^)dvT{g)^nf{^T')\- 



3. The path space measure 

In this section, we prove that v ~ Law(^) satisfies its own strong smoothness 
properties. 

Notation 3.1. Fix T > 0. Given a Banach space X, let 

WriX) := {x : [0,T] ^ X : x continuous and x{0) = 0} 

equipped with the sup norm topology. Also, for a Hilbert space K , let T-LxiK) denote 
the absolutely continuous paths in Wt{K) with finite energy. In particular, for 
X = G let 

M\wt(G)-= sup ||g(0||B= sup {\\^N{t)\\w + \\c{t)\\c) 
0<t<T 0<t<T 

for all g = (w, c) e yVriG), and for K = qcm let 

M'nH.c..) [ Mmio. dt = [ {\\MtWH + \m\\h) dt 

for all h = (A, a) e Ht(0cm)- 

Remark 3.2. Recall that, for {-Bf }t>o Brownian motion on W , Law(i?) is a Gauss- 
ian measure on the separable Banach space yVriW). Thus, by Fernique's theorem 
( see equation (j2.1l) ), there exists Sq > such that for all S < 6o 



E 



cxp(^||S|Iwt(m/)) 



< oo. 
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Combining this with equation (|2.6p implies that, if F is a polynomially bounded 
function on WriG), then F{^) e for all p £ [l,oo). 

The following theorem is a slight generalization of Theorem 5.2 in [8], and we 
follow the proof of that result. 

Theorem 3.3. Let h = (A, a) e Ht{qcm)- If F,Z : WriG) [0,oo] are mea- 
surable functions, then 



(3.1) 

where 



E[F{h ■ C)Z{B, B°)] ^ ¥.[F{(,)Z{B - A, - a - ua) Jh], 



UA{t) 2 y - 25,, A(s)) ds e Ht(C) 



and Jh = Jh{B, B'^) is given by 

(3.2) Jh:=cxp|^ {A{t),dBt)H + (a{t) + ^ij{A{t)~2BuA{t)),dB^ 



\Mt)rH+ 



a(t) + -w(A(t)-2i?t,A(i)) 



dt 



Moreover, equation IS.l]) holds for all measurable F, Z : Wt(G) — > M such that 

E\F{h ■ £,)Z{B, B°)| = E\F{^)Z{B - A, B° - a - ua) Jh| < oo. 
Proof. First combining (|2.5p and (|2.7p gives 

E[F(h -0^(5,5°)] 

= E f(^B + A,B" + a+^ J^uj{Bs,dB,) + ^uj{A,B)^ Z{B,B°) . 

Now translating (i?, i?°) i— > [B — A, B^ — a) and applying the standard Cameron- 
Martin theorem implies that 



E[F(h -0^(5,5")] 

= E 



F{B,B'^ + 1 f Lo{Bs - A{s),d{Bs - A{s))) + \lo{A, B - A) 



X Z{B -A,B°- a)Jh{B, Bq) 
where Jh = Jh{B, B^) is given by 



Jh:=expn {A{t),dBt)H-\j^ WMMldt 



exp i^j\k{t),dB^,)c -\£\m\\hdt^ 
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This may be rewritten as 

E[F(h.e)^(i?,i?°)] 



E 



f{b,b° 



Lo(Bs,dBs 



uj{A{s) - 2Bs,A{s)) ds 



X Z{B -A,B°- a) Jh(B, Bq) 



Freezing integration over B (that is, using Fubini) and translating again, this time 
-Bq n- i?Q — ua with 

ft 



(3.3) 



1 

2 7o 



uj{A-2B,A) dseHriC), 



we may again apply the Cameron-Martin theorem to get that 

E[F(h • OZ{B, = E [F{OZ{B - A, 5° - a - ua)MB, B° - ^^a) J(o,nA)] ■ 
Now one may simplify to show that 

JhiB,B° ~ '"A)>/(0,tiA) — '^h, 

where Jh is as defined in p. 21) . □ 



Remark 3.4. // we take Z = 1 in the previous theorem, this is the statement 
that V = Law(^) is quasi-invariant under left translation by elements ofHTiScAi)- 
As pointed out in [5], the above proof fails for right translation, as the requisite 
translating element in that case 



VA{t) 



1 

2 Jo 



uj{A{s),A{s))-2Lj{A{s),dBs) 



(taking the role of ua) is not absolutely continuous and thus the Cameron- Martin 
theorem is no longer available. 

We now have a few technical estimates and notations that will allow us to prove 
the desired integration by parts formulae in Theorem 13. 141 The following result is 
a restatement of Proposition 5.4 of [8]. We include the proof here for the reader's 
convenience. 

Proposition 3.5. Let p G [l,oo). Then there exists k, ~ k{p) > such that, for 
all h G HTiQcAi) such that ||h||-Hy(j,c„) < k, 

E[Jh(B,B")P] < oo. 

Proof. For the purpose of this proof, let E^o and E^ denote expectation relative 
to i?° and B, respectively. We may write 

MB, By = exp i^p£ (k{t) + ^io{A{t) - 2Bt, A{t)),dB'^ ^ 
xexplpf {A{t),dBt)H-\p I \\A{t)\\ldt\ 



X exp-^ --P 



a{t) + -io{A{t)-2Bt,A{t)) 



dt 
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Since 



E 



BO 



exp < -p 



k{t) + -Lo{A{t)-2Bt,A{t)) 



dt 



we may write EBo[Jh(i3, B^Y] = UV , where 



U:=exp{pl {Ait),dBt)H-^P I \\A{t)\\ldt 



and 



V :=exp<^ -p) 



k{t) + -io{A{t)-2BuA{t)) 



dt 



In particular, when p = 1, this and Tonclh's theorem imply that 
E[Jh(B,B°)] =EBEBo[Jh(B,B°)] =Eb[C/] = 1. 
When p > 1, applying Tonelli again and the Cauchy-Schwarz inequality gives 

nMB,By] ^ ¥.b[UV] < (Eb[C/2])'/' {EB[V']f' . 
For the first factor, we have that 



Eb[C/'] - exp / \\A{t)\\ldt 



cxp( ^{P- p)\\M\nT{H) 



<exp( ^(p2_p)||h||2 



< oo. 



For the second factor, first note that 

2 



k{t) + ^io{A{t)-2Bt,A{t)) 



<2||a(t)||^ + 2.-|mA(t)-2Bi,A(0)||^ 



< 2\\k{t)rc + 7:Ml\\A{t) - 2Bt\\UMmw 



<2||a(t)||^ + ||c.||^ ||A(0||4-+4||i?|| 

Wt{W) w 



Recall that, by Theorem 12.21 || • \\w < C2II • for C2 < 00 as given in 
Combining this with the fact that 

1/2 



\\AmH<J^ \\Ais)\\Hds<VTU^ \\A{s)\\lds\ <VT\\h\ 

} 



+ ClM\lT\\W^^ 



implies that 

V^<exp[{p^-p) (2|!h||?,^(^_, 

X exp |4(p^ - p)C. 
So letting 5q be as in Remark |3.2[ Eb[T^-^] < 00 as long as 



^2||, ,||2 
^2 



Ht(5cm) 
2 



^ll0l|h||-HT(BCAf) 



ll^ll 



}■ 



A{p^-p)Cl\Ml\\h\ 



'Ht{scm) 



< Sn 
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that is, for all ||h||«^(g^„) < k := .ydo/4:{p'^-p)C^\\uj\\l. 

In a similar way we may prove the following proposition. 

Proposition 3.6. Let p e [l,oo) and h e 'Ht{qcm) 
eo{p) > sucA that 



□ 



Then there exists Eq 



E 



sup 



< oo. 



Proof. Note that 
where 



Jsh = exp (eai + e a2 + e as + e ai) 



(3.4) 



ai 



ai(h)= / {A{t),dBt)H + {a{t) - ^{BuMt)),dB^)c 
Jo 



Thus, 
(3.5) 



a2 = Q!2(h) 

as = asih) 
a^ = a4(h) 

d 



iMmidt- 



{Lu{A{t),A{t)),dB^)c 



\a{t) ~ uj{Bt,A{t))fcdt 



(a(t) - t^(Bt, A(t)), tj(A(t), A(t)))c dt, and 



\Lo{A{t),A{t)fcdt. 



-7-Jeh = Jeh ' («! + 2£Q!2 + Se^a^ + 4e'^a4). 



For fixed p G [1, oo), we may choose Eq = £o(?') sufficiently small that e < Eq implies 
(scm) < '^^ where k is as given in Proposition [3^ and so E[J^^] < oo. 
For the cti's, note that {A,dB) h and /J"(w(A, A), c?i3°)c are Gaussian and 
hence have finite moments of all orders. Also, 



|a(t)-cj(Bt,A(t))||^dt<2 



\HBt,Am 



dt 







< 2 

< 2 

< C(l 



Wt{W) WMmH) dt 



-^IIvVt(H')) 



oII^IIwt(W)II'^IIwt(bcm) 



So by Fernique's Theorem (see Remark 13.21) this term is in for all p S [l,oo). 
Now if Nt := J* {a - oj{B, A), dB°)c, then is a martingale and {N)t = Jq ||a - 
uj{B,A)\\-^dt. So by the previous estimate, E[(7V)^] < oo for all p G [l,oo) and 
hence by the Burkholder-Davis-Gundy inequalities, E|A^t|'' < oo. Finally, applying 
the Cauchy-Schwarz inequality and again the previous estimate implies that 



(3.6) 



mt) - u;iBuA{t)),u;{A{t),Amc\dt < C [l + l|i?||fv,(v^) 



The remaining terms are deterministic and clearly finite. 



□ 
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Notation 3.7. For hi = {Ai,ai) e HriQcM), define 

(A,(t), dBt)H + (a,(t) - u{Bt, Mt)),dB°)c 



Zij Zhi,hj (S, S") 



c 



T r 



{A,{t),A,{t))H + {k,{t) - Lo{Bt,A,{t)),kj{t) - u{Bt,Aj{t)))c 



dt 



-'ijk •- 



i-T 



(a, (t) +Lu{Bt, A, {t)),uj ( Afc {t) , Aj {t)))c 
+ {kj{t)+uj{Bt,Aj{t)),LuiAk{t),A,{t)))c 



{kk{t) + Lo{Bu Afc(t)), Lo{A,{t), A,{t))) 



c 



dt 



ijkl 



^hi,...,h 
i-T 



iu{Ai{t),A,{t)),uj{Ak{t),A,{t)))c 
io{Ak{t),Mt)),uj{Ai{t),A,{t)))c 



{uj{A,{t),A,{t)),uj{Ai{t),Akmc 



dt 



The following lemma provides some motivation for Notation 13.71 In particu- 
lar, these functions will comprise the factors appearing in the integration by parts 
formulae. 

Lemma 3.8. Let Jh be as given in equation 113. 2\) and Zi, Zij, Zijk, and Zijki be 
as in Notation \3.T\ Then 

d 



(n) 

[Hi) 

(iv) 



de 
Z - ^ 



Zijk - — 



de 



Zijkl — T' 

de 



Z,{B-eAj,B° -eaj-UeA,) 
Zij {B - eAk, B° - eak - u.a^ ) 



Zijk{B - eAi,B" - esLi - u^Ai 



Proof. The lemma follows from simple computations. For example, recall from 
equation p.Sp that 



-./eh 

de ^ 



= ( Jeh • (ai + 2ea2 + Se^aa + Ae^a^)) 



e=0 



6 = 



where ai = ai(h) is given in p.4p . Taking h = hi and noting that ai(hi) = Z^. = 
Zi completes the proof of Q). 
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Similarly, it may be checked that 



(3.7) 

where 

(3.8) /32 

and 
(3.9) 



{uj{A^{t),Mt)),ij{Aj{t),Aj{t)))cdt, 



thus satisfying The computations for (fm|) and (fw|) are analogous. 

Proposition 3.9. For any hi,hj,hfc,h; £ ■Ht(0cm), ^j, Z^j, 
satisfy the following: for all p S [1, oo), E|Z|p < oo. 



□ 



all 



Proof. The integrability of Zi = ai{hi) was already verified in the proof of Propo- 
sition[321 The terms in Zij and Zijk can be handled similarly as in that proof, and 
Zijki is deterministic and clearly finite. □ 



In a similar way to Propositions 13.51 and 13.61 we may prove the following. 

Proposition 3.10. For any hi,hj,hfc G 'Ht{qcm) ? Zi, Zij, and Zijk ail satisfy 
the following: given any p G [1, oo) and h = (A, a) G Ht(0ca/)j 



E 



sup |Z(B-£A,B" -ea-UeA)f 

\e\<l 



and 



E 



sup 

\e\<l 



Z{B - eA, B" -esL- u^a) 



< oo 



< oo. 



Z, + Z,,e + /32e^ + P3e\ 



Proof. Recall from equation ()3.7p that 

Z,{B -eA,,B° -ea, -u,A,) 

where /32 and are as given in p.8p and p.9p . The integrability of Zi and Zij 
follows from ProDOsition l3.9[ and thus one need only justify the integrability of /32 
(as is deterministic). This is easily done using the polynomial integrability of 
||-B||i^;„(w) (compare with p.6p ). □ 

Notation 3.11. For m G N, let 

Am := {partitions of {1, . . . , m} : 

d = {7i , • ■ • , 7fj with < 4 /or r - 1, . . . , kg}. 

For 7 = {£i, . . . G G A^, we will always assume that elements are listed in 
increasing order £i < ■ ■ ■ < £„. (Note that 1 < n < A.) 
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Notation 3.12. For any m e N, 7 = {£1, . . . ,^„} G G A™, and hi, . . . , hj„ e 

'Ht{qcm) with hfc = (Afc,afc), Zet Z-^ Zi-^^...^^ where the right hand side is as 
defined in Notation \8. 7[ Also let $hi....,h™ = ^\ii,...,h.^{B,B'^^) he defined by 



5GA„ 



Further, for h^+i G HriQcM), let 



1,5° 



■m+l 



7J 

where ua. is as defined in i3.3\} . and 



hi ,...,hT, 



9eA„ 



Definition 3.13. Given h G HriQcM), we say a function F : WriG) 
h-differentiable if 

(h^^)(g) ^= i 



right 



de 



F{eh ■ g) 



exists for all g G Wt{G). We will say that F is smooth if (hi • • • hmF)(g) exists 
for all m G N, hi, ... , h,„ G ■Ht(0ca/), and g G WriG). 

Theorem 3.14. Let m G N and hi,...,h,„ G 'Ht[qcm), and suppose that F : 
Wt{G) — > M is a smooth function such that F and its right derivatives of all orders 
are polynomially hounded. Then 

E[(hi...h,„^^)(0] =E[i^(0$hi,...,h„] 

and E|$hi,....h,„|^ < 00 for all p G [l,oo). 

Proof. That $hi,....h„ G for aU p G [l,oo) follows from the definition of $ and 
Proposition l3.91 since is closed under products. Given the integrability results 
of Propositions 13.51 13.61 13.91 a-nd 13.101 verifying the integration by parts is now an 
exercise in the product rule. First note that, if h.F is polynomially bounded, then 
there exist K^M < 00 such that 

(3.10) 



sup 

|e|<l 



-F(.h.e) 



sup 

|e|<l 



< sup K[l 

|e|<i 



(hF)(eh.O 

eh • Cllwr(B); 



''<C(h)(l+||C||w.(0))'': 



where this last expression is integrable by Fernique's theorem and the moment 
estimates in (|2.6p . 

Now consider the to = 1 case. This is the content of Corollary 5.6 of [8], but we 
include it here for completeness. By Theorem 13.31 we have that 



E 



(hiF)(0 



= E 

- A 

de 



F(ehi • C) 



d 



E [F(ehi • 0] 



E 
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where the two interchanges of differentiation and integration are justified by p.f Op 
and Proposition 13.61 respectively. Then Lemma 13.81 imphes that 



d 
de 



Jehi — ^hi — 



completing the proof for m = 1. 

Now, assuming the formula for general m, wc have that 



(hi • • • h™+iF)(e)J = E [(h,„+iF)(0$hi,....h„(B, B°) 

d_ 

de 



= E 



d_ 

de 



F(£h„+i •0$hi,....h„(S,BO) 

E[F(£h„,+i-e)*hi....,h„(5,5°)] 



where again we justify the interchange of differentiation and integration by the 
estimate in (j3.10p above. Now by Theorem 13.31 



[F(£h™+i.e)$hi,...,h„(S,S")] 

= E [i^(0*hi,...,h„,(S - eA,„+i,S" - ea,„+i - UeA^+J J£h,„+i] 



E 



Since 



9eA„, j=i 



d 



de t' 



1^0 



\eGA™.7=i / ^ 



Propositions 
such that 



and 13.101 implv that, for all p G [l,oo), there exists Eq > 



E 



sup 

|£|<£0 



Thus, 



d_ 
de 



E 



E 



< oo. 



By Lemma 



d_ 

de 



hi,...,h„ 



E 



where, for 7 = . . . , £„} 

Z. 



de 



" e6A„i=l i^ij 



for 7' = {^i,...,Cto + 1} if n = 1,2,3 
if n 4 
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Thus, we have that 



d_ 

de 




and notice that each term in this sum is a partition of {l,...,m,m + 1}. In 
particular, one may see that the final sum is over all of A^+i, thus yielding the 
desired expression ^hi....,h^.h^+i- D 

Here we write out the first few iterations of the integration by parts formulae of 
Theorem [SH 



E 



ihih2Fm 

(hih2h3^^)(0 



E 



(hih2h3h4i^)(0 



E[F(e)Zi] 

E[F(0(^123 + ^12^3 + ^13^2 + ^1^23 + ^1^2^3)1 

^[P{0{Zl234 + ^123^4 + ^124^3 + -2^12^34 + Z12Z3Z4 
' Z1S4Z2 + Z13Z2A + Z13Z2Z4 + Z14Z23 + Z1Z234 



+ Z1Z23Z4 + Z\4Z2Zj, + Z\Z24Z3 + Z\Z2Z'},4 + ZiZ2Z^Z4)\ 

Thus, $hi = Zi, ^hiM = Z\2 + Z1Z2, and so on. 

4. Smooth heat kernel measures on G 

The results for the path space measure in the previous section now allow us 
to prove smoothness results for the heat kernel measure on G. For example, the 
following quasi-invariancc results for vt follow directly from the quasi-invariancc of 
the path space measure v under left translations. This is Theorem 6.1 and Corollary 
6.2 of [HI and is not necessary for the sequel, but we include it here for completeness. 

Theorem 4.1. For h = {A, a) G Gcm, let Jh = Jh{B,B^) he given by 

f-T 



2J'2 



Jh = cxp { ^{A, Bt)h - ^11^111, + ^ ^ (a - Lo{BuA), dB^)c 

1 



^ / ||a-^(Bt,A)||^ dt 



Then, for any T > and measurable function / : G [0, oo], 
(4.1) E[fih-^T)]^nfiiT)A{iT)] 



E[fi^T-h)]=nf{^T)JkiCT)] 



Mir) - nJh{B,B°)\a{iT)] a.s. and Jhig) - Jh-^ig'^)- 



(4.2) 

where 



Moreover, yTT]) and 14-S^ hold for any measurable f : G ^ M. where the above 
integrals make sense. 
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Proof. Consider Theorem [O with F : Wt{G) [0,oo] given by F{g) = f{g{T)) 
and h{t) = y(^,a) S 'Ht{qcm)- Then wc have that 

nf{h ■ Ct)] = E[i^(h • 0] = Jh] = E[/(eT)Jh]. 

Using the anti-symmetry of w, it is straightforward that Jh ~ J^h, thus completing 
the proof of (|iTT|) . 

To prove (1121), let u{g) := fig^^). Then repeatedly applying CoroUarv l^TTgi fthe 
invariance of vt under inversion) gives 

E[/(^T • h)] = • /i)] = E[/((/i-i • Ct)-^)] 

= E[^.(/i-i.Ct)] -E[^.(eT)^,.-i(eT)] 

□ 

For h € G, again let £h be left multiplication by h and similarly let rh be right 
multiplication. Proposition 6.3 of [5] gives the following converse of Theorem 14.11 
which we state here without proof. 

Proposition 4.2. Fix T > 0. If h <E G \ Gcm, then vt o and vt are singular, 
and similarly for vt ° ■ 

Now we move on to the proofs of the integration by parts formulae for vt, which 
again follow from the integration by parts results for v. 

Notation 4.3. Fix T > 0. For to e N, and hi,. . . , h„i € Qcm, let hi{t) := ^h^ e 
^t(0ca/) and define '^hi,...,h„^ '■= $hi,...,h„, ; where <& is as in Notation \3.12[ 

Clearly, the integrability of $ proved in Theorem l3.14l implies that G 
for ah p G [1, oo). 

Theorem 4.4. Fix T > 0. Let to G N, and hi, ... , hm G QcM? and suppose that 
/ : G — > R is a smooth function such that f and its right derivatives of all orders 
are polynomially hounded. Then 



E 



{hi---h,r,f){iT) =E[/(Cr)*,.i,...,h„ 



Proof. This is a special case of Theorem l3.14l To see this, again let F : Wt{G) . 
be given by F{g) = /(g(T)) and hi(t) := ^/i^ G HriQcM)- Now note that 



{hi---h„J){^T) 



dei 
d 



dei 



d 
de„ 
d 

derr 



F{em.hm. ■{■■■ (eihi • 0) 



(hi---h,„/)(eT) =E[^^(0$hi,...,h„ 



E[/(^T)*hi,...,h„ 



□ 
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Remark 4.5. Theorem \4-4\ irnplies that, for all hi,..., km <= Qcm, there exists 
^hi,...M^ e L°°~{i>t) such that 

{hi--- hmf)ig) dMg) = E \{hi - - - K^f){£.T) 



E 



f{iT)^h„...,h^{^T) = / f{g)^h„...M^{9)dM9)- 



In particular, 

(4-3) ^h^....,hA£.T) ■■= E[*hi,...,/.„ I <y{iT)] a.s. 

Corollary 4.6. Under the hypotheses of Theorem \4-.4\ 

nChi ■ ■ ■ kj){^t)] = nf{iT)^h,,....hAiT)], 

where 

and '5 is as defined in {4.S^ . 

Proof. Again, take u{g) := f{g~^). Wc proceed by induction. The m = 1 case 
is proved in Corollary 6.5 of [8], but we include the proof here for the reader's 
convenience. Note first that, for any g G G and h G Qcm, 



(4.4) ihf){g) = - 



u(-eh-g~') = ^{hu){g-'). 



Thus, again making repeated use of Corollarv l2.19| we have that 
E[(/^/)(^t)] = -E[ihu)iC^')] = -E[(H(^t)] 

= -E[u{^t)^^,{^t)] = -nfi^T')'^h{^T)] 

= -E[f{^T)i'ki^T% 

where we have applied Theorem l4.4l in the third equality. Now assuming the formula 
for m and again using equation (|4.4I) . Corollarv l2.191 and Theorem 14.41 gives 



E 



{hi--- hm+lf){^T 

= (-l)™+iE 
= (-1)'"+1e 



(-1)'"E [{h^+lf){iT)^h,.....,hAiT ) 
{Kn+lu){^T')^h^,...,h„S^T') 



(/i,„+1m)(^t)*/h,...,'i„ 



(-1)'"+^E H^t)^,,_,„^^A ^ (-1) 



m+l 



E 



(-1) 



m+l 



E 



/(^t')^^i.....Wi(Ct) ^{-ir+'E f{^T)'^H,,...,h^^A^T') 



□ 
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